Let (X, L) be a hyperquadric fibration over a smooth curve with dim X = n ≥ 3. In this paper we will calculate the ith sectional Euler number ei(X, L) of (X, L). Using this, we will study a lower bound for the ith sectional Betti number bi(X, L) with i ≤ 4. In particular we will prove that b2(X, L) ≥ 3, b3(X, L) ≥ 0 and b4(X, L) ≥ 3.
Introduction
Let X be a projective variety of dimension n defined over the field of complex numbers, and let L be an ample line bundle on X. Then (X, L) is called a polarized variety. If X is smooth, then we say that (X, L) is a polarized manifold.
In [6] , we introduced some ith sectional invariants of (X, L), that is, the ith sectional Euler number e i (X, L) and the ith sectional Betti number b i (X, L) for every integer i with 0 ≤ i ≤ n, and we investigated some properties of these.
Here we explain the meaning of these invariants if X is smooth, L is very ample, and i is an integer with 1 ≤ i ≤ n − 1. Let H 1 , . . . , H n−i be general members of |L|. We put X n−i := H 1 ∩. . .∩H n−i . Then X n−i is smooth with dim X n−i = i, and we can show that e i (X, L) = e(X n−i ) and b i (X, L) = b i (X n−i ), where e(X n−i ) is the Euler number of X n−i and b i (X n−i ) is the ith Betti number dim H i (X n−i , C) of X n−i . We think that we will be able to investigate the structure of polarized manifolds more deeply by using these sectional invariants. But in general, it is very hard to calculate these sectional invariants concretely. So, in order to make a study of a general theory of these sectional invariants, as the first step, it is important to calculate these for the case of some special polarized manifolds, for example, polarized manifolds arising from the adjunction theory.
In [7] we calculated and studied the ith sectional Euler number and the ith sectional Betti number of (P X (E), H(E)), where E is an ample vector bundle of rank r on a smooth projective variety X of dimension n, P X (E) is the projective space bundle associated with E over X and H(E) is its tautological line bundle.
As the next step, in this paper, we will study the ith sectional Euler number and the i-th sectional Betti number of hyperquadric fibrations over a smooth curve. (For the definition of a hyperquadric fibration over a smooth curve, see Definition 2.3 below.) First we give a formula of the ith sectional Euler number e i (X, L) of hyperquadric fibrations over a smooth curve C (Theorem 3.1). Theorem 3.1 shows that e i (X, L) can be calculated by using e = deg E, b = deg B and the genus g(C) of C, which are fundamental quantity of hyperquadric fibrations over C (see Remark 2.2 fibrations over a smooth curve. In general, the following conjecture was given in [6, Conjecture 3.1 (2)].
Here we note that if i = 1, then this conjecture is a famous conjecture of Fujita (see [4, (13 
is the sectional genus of (X, L). So it is interesting to consider this conjecture. If L is base point free, then this conjecture is true (see [6, Proposition 3.3 (2) ]). But it seems to be too difficult at the moment to solve this conjecture in general. So, as the first step, we study the non-negativity of b i (X, L). If i = 1 (resp. i = 2 and κ(X) ≥ 0), then by [4, (12.1 ) Theorem], [9, Lemma 7] and [6, Remark 3.1 (2)] (resp. [6, Theorem 4.4 (4.
. But in general it is also unknown whether b i (X, L) is non-negative or not. So we think that it is meaningful to investigate the non-negativity of b i (X, L) for the case where (X, L) is a special polarized manifold. If (X, L) is a hyperquadric fibration over a smooth curve, then by virtue of Theorem 3.1, we can study the non-negativity of b i (X, L) for i ≤ 4. In this paper we will prove the following:
Moreover we will consider a classification of hyperquadric fibrations over a smooth curve with the following:
(ii) n ≥ 4 and b 3 (X, L) = 0.
(iii) n ≥ 5 and b 4 (X, L) = 3.
Preliminaries
Definition 2.1 (See [6, Definition 3.1].) Let (X, L) be a polarized manifold of dimension n. For every integer i with 0 ≤ i ≤ n we define the following: (b) X is a P 1 -bundle over a smooth surface and L| F = O P 1 (1) for every fiber F .
So if (X, L) is a hyperquadric fibration over a smooth curve with dim X ≥ 4, then b 2 (X) = 2. But if dim X = 3, then b 2 (X) = 2 is possible.
Remark 2.2
Let (X, L) be a hyperquadric fibration over a smooth curve C and let f : X → C be its morphism.
(1) We put
. Then E is a locally free sheaf of rank n + 1 on C. Let π : P C (E) → C be the projection. Then there exists an embedding i :
is the projective space bundle associated with E over C and H(E) is its tautological line bundle.
Definition 2.4
Let X be a smooth projective variety and let F be a vector bundle on X. Then for every integer j with j ≥ 0, the j-th Segre class s j (F) of F is defined by the following equation:
Remark 2.3 (1) Let X be a smooth projective variety and let F be a vector bundle on X. Let s j (F) be the Segre class which is defined in [8, Chapter 3] . Then s j (F) =s j (F ∨ ).
(2) For every integer i with 1 ≤ i, s i (F) can be written by using the Chern classes c j (F) with
, and so on.)
Calculations of the sectional Euler number of hyperquadric fibrations over a smooth curve
Let (X, L) be a hyperquadric fibration over a smooth curve C with dim X = n ≥ 3. Let E and B be as in Remark 2.2 (1), and set e := deg(E) and b := deg B. Then we are going to calculate e i (X, L).
be a hyperquadric fibration over a smooth curve C with dim X = n ≥ 3, and let i be an integer with
Proof. Here we use notation in Remark 2.2 (1).
Hence this is true. So we may assume that i ≥ 1.
By Definition 2.1 we have
Here we will calculate c i−l (X)L n−i+l . First we note that by [8, Example 3.2.12]
where T PC (E) is the tangent bundle of P C (E). On the other hand we have
Here we note that
and
On the other hand,
Therefore by (2) , (3) and (4) we have
Therefore by (1)
Next we prove the following:
Claim 3.1 (a) Let i be a non-negative integer. Then
i l=0 (−1) l n − i + l − 1 l ⎧ ⎨ ⎩ i−l j=0 (−2) i−l−j n j ⎫ ⎬ ⎭ = (−1) i .
(b) Let i be a non-negative integer. Then
(c) Let i be a positive integer. Then
Proof. First we consider (a). Let x be a variable. Then the following holds.
By substituting −1/2 for x in (6) and multiplying it by (−2) i , we get the assertion of (a).
Next we consider (b). By the same argument as above we get the following equality.
(
By multiplying (7) by (1/x) i+1 we have
By differentiating x, we see that
By substituting −1/2 for x, we get
By multiplying (8) by −1/4, we get the assertion of (b).
Finally we consider (c). Here we use (7) again. We note that by using (7) we see
Hence by (7) and (9) we have
By substituting 1/x for x in (10) and multiplying it to x i−1 , we have
By substituting −2 for x in (11), we get the assertion (c). 2
By using this claim and (5), we have
Therefore we get the assertion of Theorem 3.1. (2) Let (X, L) be a hyperquadric fibration over a smooth curve C with dim X = n ≥ 3, let i be an integer with 1 ≤ i ≤ n and let F be a general fiber of it. Then (F, 
Moreover if i ≥ 2, then by (1) above we have
Hence by Definition 2.1 we have
Therefore by Theorem 3.1 we have
(Here e(C) is the Euler number of C.) Remark 3.2 Let (X, L) be a hyperquadric fibration over a smooth curve C with dim X = n. Then we see that the degree L n is equal to 2e + b and the sectional genus g(X, L) is equal to 2g(C) − 1 + e + b. So if we are able to know the value of L n , g(X, L) and g(C), then we can calculate b and e, and we can also calculate e i (X, L) by Theorem 3.1.
A lower bound for the sectional Betti numbers of hyperquadric fibrations over a smooth curve
In this section, we consider a lower bound for the sectional Betti numbers by using Theorem 3.1.
Theorem 4.1 Let (X, L) be an n-dimensional hyperquadric fibration over a smooth curve C.
Moreover if this equality holds, then n = 3, e = 2, b = −1, g(C) ≥ 1 and every fiber is smooth.
, where p i is the ith projection. g(C) ). Hence
Here we show the following: Proof. Here we note that the following inequalities hold (see [3, (3. 3) and (3. g(C) ). We also note that b 2 (X) = 2 in this case because n ≥ 4 (see Remark 2.1). Hence
Here we show the following: 
(3) By Theorem 3.1 we see e 4 (X, L) = 2e + 5b + 8 (1 − g(C) ). By [12, (2.74 ) Corollary], we have b 3 (X) ≥ b 1 (X) = 2g(C). We also note that b 2 (X) = 2 in this case because n ≥ 5. Hence
By the same argument as in the proof of Claim 4.1 we get 2e + 5b ≥ 1 and we see that if this equality holds, then n = 5, e = 3 and
. Since 2e + (n + 1)b = 2e + 6b = 0, we see that every fiber is smooth by [3, (3.3) ]. This completes the proof. 2
Remark 4.1 (1) Here we note that if (X, L) is a hyperquadric fibration over a smooth curve, then h By the same argument as in the proof of Claim 4.1 we can prove that 2e + (i + 1)b ≥ 0. So we get the assertion. 2
